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Abstract

We model the spread of an epidemic which depends on age and time. The behavior of the model obtained
was the object of our studies. This studies shown that on each characteristic curve, the central limit
theorem and the law of large numbers were satisfied. In this paper, we write a stochastic model to studies a
disease which is begin in a population which is not large. we study overall the stochastic model obtained
by varyingthe age and time together. We prove that the law of large numbers is satisfied.

Introduction

The models of the infectious diseases started to be set up a long time ago. Thus, several
mathematicians[2][6] [7] [3] model the spread of an epidemic disease. Their idea consists to subdivid the
population in three compartments. Compartment S denote the compartment of susceptible, | the
compartment of infectious and R the compartment of removed (i.e. healed and immune). During the spread
of an epidemic, the rate contamination and that of cure can depend on the age of individuals. It is the case of
Covid-19 where old people are most fragile. That will enable us to build the compartmental model in age-
structured. In this context, we decided to contribute our share by making recourse to mathematical tools to
predict the evolution of an epidemic which depends on age and time. This tool of decision can help the
authorities to plan a certain number of actions in order to control the spread of an epidemic. The model
obtained is deterministic type and present a limit when the epidemic starts in a group of few individuals.
That will enable us to build his stochastic version. Then, our work is to see whether stochastic model
obtained present better properties. In other words it is a question of seeing whether the stochastic model
converges towards the deterministic model when the size of the population becomes increasingly large.

The Models Deterministic model The spread of a disease in a population is a dynamic phenomenon where
the number of individuals Sains, infected, and Cured (or died) can move according to time, age and contacts
between people Saines and infected. This phenomenon can be modelled by mathematical models. These
models are an approximation of reality, they present certainly uncertainties but have watch their
effectiveness in the prediction of the epidemics. These models are generally used as tools of decision-
making. In this work, we will use this tool to build models in age. One of the model used in the scientic
literature to model the propagation of a epidemic is SIR model. It was introduced by Kermack and
Mckendrick in 1927 after a study on the spread of the Spanish in influenza in 1918, which made between
50 and 100 million deaths. we denote by S 1 for the healthy individuals : the people likely to be infected, |
for the infected individuals and R for the infected individuals who cure and develops a permanent immunity
or die. We find a SIR model which depends on age and time.
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(2 +2) S(a.t) = —Aa,t)S(a, )

da
(& + 2)I(a,t) = Ma,t)S(a,t) — v(a,t)I(a,t) (1)

(2 + &) R(a.t) =~(a.t)I(a,t)
) let us aM the maximum experiment of life, S(a, t) the number of healthy individuals who at the time t has
age a, I(a, t) the number of infected individuals who at the time t has age a and R(a, t) the number of infected
individuals who cure and develops a permanent immunity or die who at the time t has age a. We consider
the following system (2) where s, i and r represent the proportion of susceptibles respectively, infected and
removed

(& + L) s(a,t) = —Aa.t)s(a,t)

da
(& + Z)i(a.t) = Na.t)s(a,t) — y(a, t)i(a,t) (2)

(% + Q) ila,t) =~(a,t)i(a,t)

da

The state space is give by
Uy = {(s i,r) € LL_((),(L,\[) X Llr((). ay) X LL((). ay):s+i+r= 1}

Where S(a, t) = NsN (a, t), i(a, t) = N iN (a, t), R(a, t) = NrN (a, t), N is the population size. Our objective is
to show that sN (a, t) converge towards s(a, t), iN (a, t) converge towards i(a, t), rN (a, t) converge towards
r(a, t) when N goes to +oo. Theorem 2.1 The dynamics of healthy individuals, infected individuals and
infected individuals who cure and develops a permanent immunity or die satisfied the following

s(a,t) = s(a —t, ())(’_-“‘(“")"’

r(a,t) =r(a—1t,0) + j[; v(a—t+u),u)i(a —t+u),u)du (3)

i(a,t)) =1—s(a,t) —r(a,t)

Proof
Let us consider equation

ds s

—(a,t) + —(a.t) = —Xa.t)s(a.t 4
01‘.(0 ) + aa(a ) Ma,t)s(a,t) (4)
ﬁ_ =1l=dt =du= f dt = f du+cy =t =u+tg.

L —1l=do=du= [da= [du+c;=a=u+ay ¢1,c2 € R.
If we consider the function s which solve the equation (4) us a function of u (ie) s(u) = s(a(u), t(u))

ds osda 0Os dt B Jds  0s

il + i = B - 5 = —Aa(u),t(u))s
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ls ls
([—5 = —MAa(u),t(u))s < — —Xa(u), t(u))du
au S
[ =— [Aa(u),t(u)du+ c; = In(s) = — [ Ma(u), t(u))du + c
Ifwe xs(0)=s0,thenwe nds=s0e RHMid
Thus the caracteristics curves are

ur— (a(u),t(u), s(u)) = (u + @, u + to, Soe” ”(”(“)"(“))"“)

If we consider the initials conditions t0 = 0 and f(a0) = sO, where f € C1 (R, R+) and f(a — t) = s(a — t, 0),
then the caracteristics curves are

ur— (a(u, ap), t(u,ap), s(u, ap)) = (u + ap, u, f(ao)()‘f/\(”(“-”u)-ll)dtl)
It is possible to find the invers function of

u — (a(u, ag), t(u, ag))

In fact,
u—+ay = a ag=a—1t -
{ u =1 = { u ==t (O)

We obtain the solution s(a, t) = f(a — t)e — R A(a,t)dt of the equation (4)

We consider the equation

Ir ar )
E(ﬂ:f) -+ %(ml‘) = v(a,t)i(a,t) (6)
By changing the variable v(t) = r(go(t). 1), where go(t) = ag +t = a
dv _dgo ar dt ,  Or ~Or or - )
2D = gr Wgge(90(). 1) + 2050 (90(1). 1) = Fo(a,t) + Zo(a, t) = y(a, t)ila, )
v ) _
(1) = v(a.D)i(a. 1) = 7(g0(1). Dilgo(1). 1)

t
du(t) = v(go(t). t)i(go(t), t)dt = v(t) = v(0) + / Ygo(w), u)i(go(u), u)du
Jo
t t
v(t) = v(0) + / Y(go(w), w)i(go(u), u)du = v(0) + / Y(ag + w), w)i(ag + w), w)du
Jo Jo
-t -t
v(t) = v(0) + j F(ao + w), w)ilag + w), u)du = r{ag. 0) + / yla—t+u),u)ila —1t +u),u)du
0 0
ot
r{a,t) =r(a—1t,0)+ / v(a—t+u),u)ila—t+u),u)du
8}

This last result is the solution of the equation (6). By using the stability set €0, s(a, t) + i(a, t) + r(a, t) = 1 we
nd i(a, t)) =1 —s(a, t) —r(a, t).

Stochastic Model

Let P1 and P2 two Poisson process. The stochastic model is given by the system
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s(a,t) = P, (s(a —t,0)e™ S Madt)

(7)
r(a,t) = P (/ul y(a —t+wu,u)i(a —t + u, u)du)

o

Law of Large Numbers

Let us note sy(a,t) = % in(a, t) = ’(’{—” ry(a,t) = M

syla,t) = P (5\ (a—1t,0)e” J‘)‘(”")'H)

(8)

rv(at) = Po (]nf Y(a—t+u,u)in(a—1t+u, u)dfu)
My(t) = P (t) —t, My(t) = Py(t) — t. M, and M, are two martingales.

sy(a,t) = M, (Nsny(a —t, (])e’f)‘(“‘”‘“) + sn(a —t,0)e S A@nd

ry(a,t) = 4 Ms (EV ]}: Yy(a —t+ u,w)iy(a —t+ u, t.t)(f'u,) + f(: Y(a —t+u,u)iy(a —t+ u,u)du

(9)

Consider the process M, (a,t) = =M, (Nsy(a —t,0)e” S AMaDdt) and
M (a. t) = M, (Af ﬁ]f y(a —t +u,u)iny(a—1t+ u, u,)d'u).
Let

Fr=ca{(v(a—t+uuwin(a—t+u,u), Nsy(a—1t,0)e XD 0 <y <t ay>a—t>0}
Then we have :

Lemma 2.1 .
{Mi(a.t),t = 0,ar = a >0} and {Ms(a.t).t > 0,ar; = a > 0} are two F{'-martingales which
satisfie

E(M;(a.t)) =0 and E (M, (a.t))* = +E (sy(a — t,0)e= S Mandt)

E(Mos(a.t)) =0 and E (Mas(a.t))* = +E (f[: Y(a—t+u,u)in(a—t+u, 'u.)d'u.))

For the proof of this lemma, the reader can refer to the author|1].

Theorem 2.2 (Law of Larges Numbers)
If sy(a—1t,0) = s(a—1t.,0) and ry(a —1t,0) = r(a—1t,0)) when N — +oco, then

sup {|sny(a,t) — s(a,t)|} — 0

(a,t)€[0ans] % [05w)]

and
sup {Irn(a,t) —r(a, t)|} — 0
(a,t)e[0:ans] x [05w]
when N — 400

Where {(s(a,t),r(a,t))} solve the system

% (a,t) + Z(a,t) = —A(a, t)s(a, t)
% (a,t) + 2-(a, t) = v(a, t)i(a, t) (10)

s(a—1t,0) =sp, r(a—1t0)=rp
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proof
syl(a,t) = sy(ag. 0) + j:“ jor sy (u, v)dudv and s(a,t) = s(ag, 0) + j;:ﬂ j(; s(u, v)dudv

snla,t) — s(a,t) = sn(ag,0) — s(ap, 0 ] / sn(u,v dudz'—/ / w, v)dudv
ap ap /0

= sn(ag, 0) — s(ag, 0 / / [sy(u,v) — s(u,v)] dudv

[

let as pn € C(R%, R) where pn(a,t) = sy(a,t) — s(a,t). Then

on(a,t) = ¢nl(ag,0) / / o (u, v)duduv
+
(a — Uo))
= pnla. O)T

,,..
I
=)

+00 i
tla—a
(#Q_;\;(”’ f) g \JD_N ((i’-[‘), U) Z M

k=0
< pn(ag, U)e‘“”‘““) = onl(a —t, 0)

on(a—1t.0)e"

e o (a—1,0) ‘

onla )] <

VAN

If sy(a—t,0) = s(a—1t,0) when N — +o0,
By using the same reasoning we proof :

If ry(a—1t.0) = r(a—1t0)) when N — +oo let as ¥y € C(R*, R) Where
y(a,t) =ry(a, t) —r(a,t).

e“’zpjx-f(a 7 0)‘ —+ 0 when N — +o0

[Un(a,t)| < [Un(a—t, U)ﬁt2

< e Yy(a—1,0) — 0 when N — 400

Concluding

Remarks The spread of a disease in a population can depend on the age of the individuals of this population.
It is thus signi cant to consider the age of the individuals more e ectively to ght in order to slow down
this disease. Our study showed that the mathematical model of stochastic type is the best model one. We can
thus use this model to predict the spread of a disease when it starts in a population of very few individuals.
On the other hand, when the number of individuals becomes signi cant, the using of deterministic model is
imperative. If our studie nd that the stochatic model converges toward the deterministic, it is signi cant to
know the law of the determistic model. This preocupation will be the odjet of our next study.
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