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ABSTRACT

The paper considers the simple model of inventory models (Q,R) The backorder cost Cy/t) is taken as an exponential
function of t, the length of time of the backorder, Cgy(t) is blebzt . The expected backorder cost is derived by obtaining

the difference between the expected backorder cost at time t+L and t+L+T. In this paper demand is assumed to follow
a normal distribution.Some basic mathematics of the properties of a normal distribution is introduced to simplify the
derivation of the equations.

The first order derivatives of the inventory backorder costs are given.

INTRODUCTION

In this paper the cost depends upon the length of time for which the backorder exists and is taken as an exponential
function. Backorders that are not met on time incur various types of costs, which could be linear, quadratic,
exponential or any other function of the time orders are not met. Organizations that store thousands of products could
face severe inventory costs, when the backorder cost is an exponential function.

Literature Review

This simple economic model (Q,R) is well dealt with by Hadley and Within (Ref 1) the linear backorder cost was
considered.

Uthayakumar and Parrathi (2) investigate a continuous review inventory model to reduce lead time, yield variability
and set up costs simultaneously, through capital investments. Zhang G.U and Dathwo (3) a hybrid inventory system
with a time limit in backorders.

ECONOMIC ORDER MODEL (Q,R) CONSTANT LEAD TIME AND EXPONENTIAL COST TERMS

We will derive the model for the inventory backorder model when the backorder cost is an exponential function
b, exp (b,t) where b, >0 and t is the for which the backorder exists.

The length of time for which the backorder exists directly would be used to derive the expected backorder costs.
Let Cg (t) be the cost of a backorder which last for time t

C,(t)=Dbexp b,th, >0
Let g(x;DL) be the probability density function of demand in a lead time L. x follows a normal distribution with mean
DL and variance oL
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x—DL
vJo?L

and F(R, DL)= j:g(x, DL) dx

g(x,DL):esp—%£ j —a<x<a

and Rbethereorder level

If a backorder is incurred at time Z, Z < L then L-Z is the time for which the backorder lasts.

Let R+y +0 <y < Q be the inventory level at time 0, then if the system is out of stock in the time interval Z to Z + dz
after the reorder point R is reached then R +y was demanded in time z and a demand occurred in time dz.

1 R—y—Dz]2

1
This probability is D.dz ———=exp—— 1)
( Joll

N2 2L 2

Hence the probability that
t = L-z, the length of time of a backorder

2
D —1(R+y—DZ

= ——exp — dz,0<zL

N2mo ?L 2 o’L J

Giving an inventory level R +y at time O expected cost of backorder
=C,(L—z) Probability of there been a backorder lasting L-z

_DC,(L-2) J(ujd
275 %L 2 o’L

Hence the expected backorder cost per cycle

L C (L 1{R+y-Dz i
——| —=———| dzd 2
H 2( o J y @)

Where R+y, 0 <y < Q, < Q is the inventory position at time 0, and /&L is the standard deviation of demand over
the lead time.

Form 1.

C,(L—z)=bespb,(L-2) ©)
Substituting into 2

We have G;(Q,R) expected backorder cost per cycle

0 beszZ) 1 R+Y-Dz)
G1(Q,R) =D jo jo ST dzdy

V2o JolL

Simplifying and noting that

(b,(L-z)-(R+y-Dz)*/25%L
Simplif
12L( (R+y )2—2Dz(R+y)D222+202b22L ) yilrr%pl

b,L
then G,(Q,R)= 208" ] e (R+y)2—2Dz(R+ y)+D?2% +252Lb,z ))dzdy

\2rolL
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R+y LT Dz
b, 212 _ - -
G,(QR)= 22 L] DL, RV [ g~ D ddy  (4)
Jo?iL © ' 2D D b T2 oL
2
Roy_o Bk _p,
LetV = D
o’L
ThusdV =
No L
Substitute V into (4)
+y-2 2 py | o2
G,(Q.R)=-be"* [ ex p(" b,L_b, (R”)j j[R . g (v)dvdwdy
D D (R+y—o-2Lb2 )/\/ﬁ
Integrating with respect to V
2
oaee. (oL (R+Y)
Gl(Q!R)__ble J.o eXp( D _bz D
o’b,L
o R+Y-—"2-_DL
. F( R+y-o’Lb, /D j_F dy
o’L o’L
_ 2
Lot F[R+y o-sz/DJzo
Vol
o (o®b,L b, (R+Y)
G,(Q,R)=b,esp(b,L)| ‘es -2
(@)=l e G20
Thus
ob,L
F D dy )
o’L
Define G, (R+y, L) such that
Q
Gi(Q.R) = [ G,(R+y, L) dy (6)
Thus
2
z) -1{R+y-Dz
G,(R+Y, — | ———| dz 7a
J(R+y, L J_I ﬂxpz[ GZLJ (7a)
Applying (5)
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o’b,L
o?h2L b(R+y)j Rey-—5 Dbt

7b
2D? D Jo?L (70)

G,(R+y,L)=be™ exp (

R+y-

LetV =

o’L
Substituting into (5) then

2
G,(Q,R)=o? Lb, esp(b,L) j( *sz o0 exp“b exp——(\/ Lv+ 22 L DOYEW)dy
72—DL)/«/?L 2D?
Simplifying we have
—o%b,L (R+QfUZbLfDL)/\/T —b,Vo?Lv
G,(Q,R)=b,Wo’L *e 9 2 exp (—2———F(v)dv 8
(@Rl L rop( S| T op 2T R

Integrating by parts we have

G,(Q.R)
ob,L
(ReQ-T22 —pL) /oL
2b LI -D —b,vo? Lv
—b,Vo?L exp— Y {bz o’L exp—2t—— 5 F() L
oL
2 R+Q-a%b,L
-Db, 1 exp t)zL_[*/TD ex bv\/ L—V—]d
b2 ‘\¢27Z' 2D 2b2
R—?—DL
oL

Nothing that

~o’b’L B bivVo’L  v?
2D?

D 2

_1f o, 2oL O'LbZJ

D D?

2
2
__L vV+b, oL
2 D

then
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—DL)/\/

2 / (R+q—
G,(Q,R)= [;b [exp{ b2 L, byo'Ly }F(v) }
> 2D (R- bZ"Z W RYNPE
— Db, J-(R+Q LA L R YNPET p__]_ v+b2 [o21 "
b, 27 (R—U "yl —pL) /oL 2 D
2
LetX=Vv+ bVl and substituting into integral
Then
)
Db o’h, L b, \/ Db, (S22t X
G,(Q,R)=——|ex F(v VoL exp—| — |dx
(QR) b, { p( 2D2 j N (R"bz DL b N2r '[R DL P 2
P T S JolL
oL
Integrating we have
. = R+Q-DL
. 2 [ 2 (R+Q- b2 -bDL)/ o?L
G,(Q,R)= Ebl [exp ;DzzLexp bpyvo L F(v) } GCCL Dbl [F(V)] (9) Expanding
2 (R—p Y (R-DL
oL o2L

R o’b,L

2 2 2
G,(Q,R)= Db, {exp—(a LEZJe pb (R—G LD, DL] D
b, 2D D D oL

O'Zb L
R+Q- - DL
Q-7 J

-DL

2 2
—exp-| 2 bg"+b—2 R+Q-Z % _p | |
2D? D D JorL

Db, [F[F\Q/_DLLJ F[%] j (10)

we are deriving the limit of G, (Q,R), b,e®™* —>b, as b, -0

noting from equation (8)

—DL)/FL —bZ\/UZLV

2
[z (-o°b,L) (RiQ-7
Gl(Q! R) = bl oL eSpT J. o bz oL exp T F (V)dV

(R-

+0-DUyNL
Lim G,(Q,R) =Vo?L b, j(: EL;;L’TL "Fv)dv (11)

b, —)O
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Noting that
[ Fvdv=g(k)-F(k)

Hence lim G, (Q,R) = \/m( [Fj/_DLL] [R—DL]F(R—DLJ

b, —0 o’L o’L
_{ =y [R+Q—DL]_[R+Q—DLJF(R+Q—DLJ J 12)
o’L o’L o’L
Let a(v) = a’L(g(v) —v F(V)) (13)
Thus
. R— DL R+Q-DL
Lim G,(Q,R) =D, —_— | —=—— 14
m bz(go ) (O{\/?L J 0{ o’L JJ (49

Which can also be derived directly from (10)
From equation (10)

Lim
G,(Q,R) = 20°0,L | Jegxp| 200k b oL
o0 D 20 D D

bt \/JZLeSp(_azsz bz(R_azsz_DL ] ] R-
D

(15)

2L D 2D* D

Simplifying

Gl(Q,R)=Dbl[[_RF(R_DLj+ 02'—g(R—DL]+(R+QjF(R+Q_DLj
" D No’L) D oL D oL

o’L (R+Q-DL

D g( oL H (16)
Simplifying

Lim G,(Q, R):J?Lbl[ g[R_DLj—[R_DLjF(R_DLj j 17)

b, -0 UZL D UZL

_Jo7Lh, (R+Q—DL ]_(R+Q—DLJF(R+Q—DLJ 5
¢ ] Jo’L o’L o’L (9

As before letting (V) = \/E(g(V)—V(F(V )))

Thus
Lim G,(Q,R) =b1(a(R_2[EL j—a(MJ j (19)
o

2
b, >0 oL
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Which agrees with equation (15)

Number of cycles per year = %

Hence expected cost of backorders per year

D
~G,(Q.Rr
5 (Q.R)

Let B(Q,R) be the expected number of backorders at any time. (Ref 1. Hadley and Whitin)

Let G3(x) the probability density function of the quantity on hand x at anytime t. x could be less than the re-order
level, R or above the reoder level R.

Gs(x) = probability that the system was in state v. probability that v-x was demanded and average over the states of v.

2
If x lies below re-order level R, G, (X)= iJJGQ esp—3 ‘/V_Xz—_DL dv 0<x<R
QR L

v—XxDL R-DL

LetZ=———andk = —— (20)
voll volil
1 et z?
then G,(x)=+2r —j V2L exp——dz (21)
Qo ar 2

Integrating

Gg(x):%(f(k—ﬁ ]—f(m%J 0<x<R (22)

If x lies above R

x

G3(x)=\/2w2LljR*Q exp-=| Y XPL gy R<x<R+Q (23)
Q-x 2\ JolL
Expressing in standard deviations of stock
o 2
GS(X)=\/27T£IKD’EZL exp— - dz R<x<R+Q
Qo 2

ol i)

We shall assume that f(— DL ) =1
o’L

Hence
Gg(X)Zl(F{k— X J—F(k+(Q_X) n 0<x<R
Q o’L o’L
_ QX
G3(x)_Q[1 F(k+ = D R<xR+Q (25)

Let y be the number of backorder at time t given that the inventory position was v at time 0. Obviously
y + v must have been demanded.

Let G4 (y) be the density function that y is the number of backorders on hand at any time t.

G, (y) averaging over all the states of v.

Hence

2
1 R+Q v+y-DL
G,\y)=—F—+= esp—{—] dv y>0 (26)
4( ) QV2mo?L '[R ’ VoL
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Expressing in standard deviations of stock
k+Q-y 2

G,(y)= Q\/_ JUzLL exp—z_? dz
Hence
1 y y+Q
G,(y) ==| F|k —Flk 27
gl ) “

Y is the backorders at anytime and G,(y) is the probability that the backorders at any time is y.
Hence

BQK) =[" vG,(y)dy

Substituting for G,(y) in the above expression

1 (= y 1 (= Q+y
B(Q,k)== yF(k +—] dy—— yF(k + } dy (28)
( Q'[O NTiL Q'[O vollL
- y Q+y
Substituting Zfor kK + ———=and Zfor k +
vJolilL JoilL
Respectively and expanding the expression
an ko?L
BQK)="=[ #(z)dz - j f(2)dz
o’L (= o’L Q
- Zf (z)dZ + — [k+ ]F(z) dz (29)
Q Yo Q Ir JolL
Noting that
" Xn+l *© - Xn+1
jk X"F (X) dx:LHlF(x)]( +jk —— () dx
Then when n=1
[ 2F (2)dz=1(1—k?)F (k) + kg (k)
And when n=0
[ F(2) dz=g (k) —kf(k) (30)
Substituting (30) into (29)
2L k 2L
BQ.K) =0 |-k F (k) +kg(k) | -2 ]

‘2?5[[ [“H ( b Mk+ =
3 M )

the A(v [( j v)- Vg()} (3
Hence
B(Q,k)=%(ﬂ(k)—ﬂ(k+\/%n (32)
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Then the inventory costs for model (Q,R) with exponential cost terms and noting that k = (R — DL)/ Joll

DS Qhc R-DL D Ds R-DL R+Q—-DL
C=— h hcB(Q,R)+—=G,(Q,R)+— —_— |- —— 33

Q 2 " C[N/GZL]+ BQRN G )+Q[0{ = J “[ JoiL N( )
First order derivatives

In order to be able to obtain the first derivatives of C, the first order derivatives of G; (Q,R) with respective to Q and R
would be required.

Differentiate G;(Q,R) with respect to Q and applying equation (5)

o’b,L
2,2 R+Q— 2 — DL
—aGl(Q’R):b1 exp b, L exp g bzzL —b, (R+Q) F D (34)
Q 2D D oL
Differentiating G; (Q,R) with respect to R and from (9)
o’b,L
2 2 R-— 2= -DL
0G,(Q,R) _ Db B oo [ b22L L ol e D
oR b, | D 2D> D D 2L
2 2 2 2
- expabzz"ﬁub—2 R-%P _p |lesp - 12 _obl
Py 2D’ D D 26°L D
R+Q- o'bL
_—Db [b_ze 0'2b22 b, Q—O'zsz_DL *F D
b, | D 2D2 D D oL
2 2 2 2
- esp—| T2k Pefp g TBeL by ey L [Ryq TRk _p
2152 L 2D D 20
,_ Db ( [ R-DL J_Q(RJrQ—DL ]J (35)
b,vo?L o’L o’L
Simplifying
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o’b,L

2 R- -DL
BRI e © LD _pu)lF
oR 2D* D oL
Db, :|.(R—DL)2 }
—————eXp—— .
b,V 25 °L 2\ oL
o’b,L
[t (R YR i)
Lt et LD = ol L0 2| oL
Db, 1(R—DLJ2 Db, 1[R+Q_DLJZ J
B I e S 2 - exp— | —=——
b, 2 *L 2\ o°L b,275 2L 2 oL
Simplifying
8G,(Q,R) o2b,L[ b, il b,
— =D ex exp——*(R—-DL)F| R- —DL)—exp- 2 (R+Q-DL
oR 1p2D2_pD( ) D )-exp-—(R+Q-DL)
2
R+Q-7 2 _pL
A ; (36)
o’L
Noting that
aa[R—DL]
—GZI‘:_F R-DL
oR o2L
el Q0L
2 —
and o'l =—F wj
R oL
Then the first order derivatives of C are
& __DS hc_,G(QR), DIG(QR) -DSf (R-DL J_a R+Q—DLJ
+EF(R+Q—DL]
Q o’L
@ZhCJFD@GZ(Q,R)_E F R-DL _F R+Q-DL an
oR QoR Q o2L o2
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