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ABSTRACT
This paper considers the (M,R,T) inventory model in which the backorder costs is a
quadratic function of the time of a backorder, lead time is continuous and supply random
Results of series 1, which the same model was considered for constant lead times is the
basis for deriving this paper’s model. The inventory costs when lead time is constant is
averaged over the states of lead time in which the distribution of lead time is assumed to be
a gamma distribution.

In averaging over the states of lead time extensive use is made of the Bessel function

of imaginary argument.

INVENTORY MODEL (M,R, T) CONTINUOUS LEAD TIMES, AND RANDOM SUPPLY
INTRODUCTION

This paper is a continuation of series 1 paper in which the (M,R,T) model considered

constant lead times, quadratic backorder costs and random supply.

The lead time is gamma distributed. The results for constant lead times is averaged over

the states of the lead times. The demand during the lead time remains a normal distribution.

At review time for the (M, R, T) inventory model, when the quantity or hand is less than
or equal to R a quantity is ordered which is sufficient to bring the inventory position or the

quantity on hand plus or order up to R.

In series 1, (Omorodion (2013)) we obtained the inventory cost for the (M, R, T) model
for the constant lead time, from which we proceeded to obtain the inventory costs for the

continuous lead time, quadratic backorder costs and random supply.
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LITERATURE REVIEW

Zipkin (2006) treats both fixed and random lead times and examines both stationary

and limiting distributions under different assumptions.

Bertismas (1999) in his paper ‘Probabilistic service level guarantee in make to-stock’,

considered both linear and quadratic inventory costs and backorder costs.

Pritibhushan (2008) since in his paper ‘A note on Bernoulli Demand inventory model
presents a single - item, continuous monitoring inventory model with probabilistic demand

for the item and probabilistic lead time of order replacement.

Hadley and Whitin (197 2) extensively developed the inventory model for constant lead

time and linear backorder costs.

Equation (21) series 1 from which we have Gi14 (R+Y,T) gives the expected cost of carrying
inventory and backorders including the cost of a stock out dependent on the number of

stockouts only, for fixed lead times, L

We have
Gis(R+Y,T) = heT (R+Y = DL =)+ b;(Gs(R+Y,T + L) — Gs(R+Y, L))

+(by + he)(G(R+Y,L) = Go(R+ Y, T+ 1,L)) + b3(G2(R+ Y, T+ L) —G2(R+Y,L)) +sGo(R+Y,T) (1)

Where the following is stated

. 0.4+2D4T2 (O'2+2D2T) R_Z R+DT
GZ(R' T) - ( 4D3 + R 2D2 + ZD) F (\/ O'ZT)
: 3 372 ~ 2 R-DT\  o* 2DR R+DT
+2 (O-T 2 D2 D g (\/ﬁ) 4D3 esp ( o? )F (\/O'ZT) (2)
I R-DT\ . R-DT
Gs(R.T) = Vo7T g (=) - (R — DT)F (=) (3)
CRT) =D R3 +02R2+04R+ a6  o?T? T2R+T3 R°T
1227 7\3p3 ' 2p* ' 2D% ' 2DS5  2D? D 3 D?

. (R _ DT) D (R _ DT) 20°R1? o' OPR'T_o'RT
02T 219\ ozr J\3" D2 " 3D " 3D°  2D*
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oi1?  8oT 2DR R+DTY\ o°
+os o) e () F () o (4)
We shall exclude the cost dependent on the number of stockouts in determining the inventory
costs for (M,R,T).
substituting for G;4,(R +Y,T) (5)
a
DT
Gpo(R+Y,T) = fH(L) (th (R +Y—DL- —)

2
0

+b;(Gs(R+Y,T+L)—Gs(R+Y,L)) + by(G,(R+Y, T+ L)

—G;(R+Y,L)) +b3(Gz(R+Y.T+L)—Gy,(R+Y,L))dl (6)
Let
G5B = [ H (1) Go(R,1) %
0
6B = [ H W) G,R 1) db ®
0
G2s(R) = [ H (1) Go(R, 1) dL ©
0
G,s(R) = f H (L) Gs(R,T + L) dL (10)
0
G,y (R) = f H (L) G,(R,T + L) dL (11)
0
Gro(R) = f H (L) G (RT + L) dL (12)

0

Stated - equation (3)
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ok esp (—oc L)Lk
Multiplying by H(L)where H(L) = b )

(k)
Hence
_o«Fesp « k-1, (R—DL
H(L)Gs(R, L) = T[aL zg( — )
— R—DL

—(RL*! = DI¥) F (m)) (13)
Noting that

°° 1 /x-DL °° I¥1«k  x—DL

H(L dL = f —x L dL

fo W 9 () di = [ e ()= r(k)g( =)

ock JOOLR_B/Z (Dx) —x? . 2x 0%+ D? dL
ov2r [ (k) Jo “P\52) P \ 2021 202

_ ock ( Dx) , ( 2 )%("‘%) K(%(z«auw)%)

ov2r T Plo2 1

2 =
o k—2

If k is an integer then

(k+j—1)! _
Kk_%(z) = K%(Z) 27 tk—7 = D! (22)~J
Where
K% (2) = % Z_%exp(—Z)
Hence

— k-1 _(k+j-1)! -j-1 _
Kk_%(z) =r 2ico 1) (2z) " zexp(—2z)
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a

Hence f H (L)G;(R,L)dL applying equation 14
0

We have

G,3(R) =¥ esp (i—f) [2 <§>k+1/21( <§_2>‘ oc* esp (?f_g) [R : (k—1)!

Ky | 202w [ | Lo (k= 2)!
R () R NS K
DR e )| 1%y

(ZD (E)"‘“” 2 6, o, (5)"‘“1/ 2 (§—3)>

[ k—z+3/2 2] k—z+1/2

From equation (2)

ot DI? Ro? R? R —DL 1
G,(R,L) = F( )

a0’ T 2 top? T30 —7 ) 12

2DR
- o3L2  oL'2R (R —DL) otesp 52 )F(R —DL)
’ pz= —» )I\VezL 4D? =)
Simplifying

ot a? R? DI? R —DL 1
GZ(R,L)= m-l_ﬁ-l_ﬁ —RL+ F( )+—

s a3+aR A (R—DL) ot (ZDR)F(R+DL)
pz " p )T )INyomr ) T ap2 P\ 52 =

o® esp(— L)
(k)

Multiplying by H(L) =

H(L)G,(R,L) =

esp(—x L) ok K oc* o0?R R?

= Yyk-1_ prk
0 + )L RL* +

DLk+1
20 "2p2 T 2D ]

2
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R+DL\ 1cFesp(—xL)[(c® oF =y ey R—DL
F( (,zL)_E (k) [ﬁJFFL 2ok 2]9(,/—02L)

4

o DR R + DL\ esp(—o L)L¥ ock
e () (2 e

Hence

a

f H (L)G,(R,L)dl applying equation 14
0

We have

DR
o esp (?) L[/ g* 2R R2\w (k—1)!
G24(R) =

202z () |\#D® " 207 ' 2D) Ly (k= 2!

R @) et (@) 8
_ o = oz)
<2D (9) Kk‘z"‘l/z + 2R (9) Kk‘z—l/z K Z <z (k+1—2)!

(ZD(E)“*%K (’5—?)+2R(5)"‘”%K (§—2>>+§

[ k—z+3/2 0 k—z+1/2

«* (k — 2 —2)! 0 k=2+5/, 0 k=z+3/,

< (k+ 1) ( R\K#+/2 (5%) R\#+2 (@))
2D (= K 7 +2R(Z K,

5 @ ()

(28

; el (R0 o (2
e o (T D)) ke 0B ()]

2t )\g k+1/, 0

e esp(’i—f)[" (- 1) (ZR@)"-Z*%K &

\2m4D220 ] oz (k — z)! 2

) )

k-z-1/,

Simplifying G12 (R,L) in equation (14) we have
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R o%?R?  o?R | 0° RZL 2(R o L3 R-DL
G(R 1) = (3 + Tt tame) — 5+ 2 (5= 350) — 510 F ()
D R —DL O'ZR2 O'4R 1 80'6 1 3
+ + L/24—L"2+L7
w/_gzg( =~ )(303 2D4> PE
ZO'ZR s o2\ oL/ s o6 <2DR)F(R + DL) "
3p2 " 6D3) " 3D | aps P 42 = (18)

Hence H(L) G12 (R,L)

oc esp(—oc L) ( R® 0%R* o*R o° )Lk—l _R%L* L e <§ o’ )

(k)

3D3 * 2D* * 2D> * 4D6 D? D 2D?

_Lk+2]F(ﬂ)+lg(ﬂ) [(GZRZ+G4_R)Lk_1/2+%Lk+1/2.+Lk+%+ﬁ("_4_§ﬂ)+

3 Vo?L o9 \Vozr / |\ '3p3 " 2p* D5 \6D3 2 D2
02 143/ ] esp(—xL)«ck ot 2DR
wl /2] 0 T aps &SP (7)
«* esp(—oc L)Lk1 (R + DL) 1

W =5 (2
Hence G,5s (R, L) = fooo H (L)G;, (R, L)dL applying equation 14
DR
Goe (R) = a“ esp (?) R3 N o%R? N o*R N oo\ o (k- 1)!
2T 26 T(k)V2r |\3D3 ' 3D3 ' 4D ' 4DS s (k — 2)!
zZ=
gt @) et @) e
(ZD (5) Kk—z+1/2 +2R (5) Kk—z—l/z B D_2
k+1 k—z+3 RO k—z+1 RO
3 ! 0 (2) S B ) i (%)
— 7 (k+1-2)! 0 k-z+3/, 0 k—z+1/,
k+2 —z45 RO

M o’ (k — 1)! R\K7#+7/2 (32)

—_— 2D |— K g 2R
* (D 21)2> Z <z (k +2 - 2)! ( (9) k-2sSy

Z=

R\E-7%2 (52) 1% (k+ 1) R\ 2 (%)
-, ) <2D G '

- 3Lio% (k+3-2)! 0 k=z+7/,
DR
(R)k-z+5/z (3%) L oop (g) oc” ,(o°R? N o*R N 8g°
4 k-z+°/5 V2mo? [ (k) 3D3  4D* D
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(R)k+1/2 X (§—§)+2( o* 202R> <R>k+3/2 o (), 200

9 k+1/, 6D3 3D2 )\g

R k+5/2 (g)
(5) Kyrs, Tk v

z=1

DR
N ot esp (?) ock zk: (k+ 1!
204D* !

k-z+1/, R k-z-1/, (g_ze)

+ 2R (5) (20)

(-2

From equation 3substitution L+T for L

R—D(L+T)

Jo2(L+T)

GS(R,L+T)=0'(L+T)1/2g( >—(R—D(L+T))

F<R—D(L+T)> o
VoL +T)
Simplifying
1 R—D(L+T)

Gs(R, L T=LT/( >—R—DT—DL

s(RLFT) =00+ )y | —rem )~ ) = DL]

M—D(L+T)>

g 22

(m (22)
Multiplying by H(L)
HWGs(R Lo+ T) = SRR+ ) eg () =5

_ R—D(L+ T))

R —DT)L¥"* — DI¥| F -

[(R - DT) ] (m -

Hence G,,(R,T) = fooo H(L)Gs(R,L + T) dL applying equation 14

g esp (ocT+g—§) """1_ k-1 ( Bk—j+1/2 (29)
G, (R,T) = oc"jZO( T)1< . ) z( ) K

V21 [ (k) 6 k=j+1/,
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Homem(ar )Y () s ()

RO

(52) R (E)k_j_z_l/z Kk_j_z_1</j>> (R—DT) - D i(—T)f (f)
j=0

Kk_j_z"‘l/z 0

k+1—j

(k- ) R\<I 4% (9) Ry
; «<?(k+1—j—2z)! <2D <5) Kk—j—2+3/z 2R (5)
RO
k—j—z+1</z )> (24)

From equation (4) substituting L+T for and simplifying
G (RL+T) = R® o?R? N o*R 0® R?T\ RZL N z (2) i
123 B D2 D2 i

2

303 T 2D* T aps T aps L
]:

F(R—DL>+1 (R—D(L+T)>

(R 02> 1 3\
) — (.)T1L3—l
D D?) 3 o\l o2l o [62(L + T)

2ng2 2 6 4 2
KU M oR B > (L+T)"72 + (0—— 20 R) (L+T)/24+0%(L+T)"2

3D3 2D*  4D> 6D3 3D?
2
z (2) rip-i| 4 o <2R> v <R + DL) (25)
L\ 4ps “°P 52 2]
1=

Multiplying by H(L) we have

_ okesp(—«L) R® | 0®R* g*R | o® RPT\  k_1 , R’L
H(L)612(R’L +1) = r(k) (303 t 2D%  4D5 t 4p6 D2 ) L t D2
= 2 R o2\ 1w /3 R—DLy o
_I_Z( )TiLk+i—j __O-_ _ = Z( )TiLk—i+1/2 F( ) 4+ —
— i D 2D? 3 4 4 i Vo2l o
1= 1=
ok esp(—o L R—D(L+T 0’R?> o0’R 8c° o*T
p )(L+T)1/2g L+ +— +———2
ol (k) [62(L + T) 3D3  2D* D> 6D3
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6

(ZDR)
esp

g2

o«* esp(—oc L)LF1 (R + DL)

[ (k) o2l (26)

f H (L) Gi5(R,L + T)dl applying equation 14
0

ok esp (o T+l;—§) R® 02?R* ¢2R o° R2T
Gl7(Rl T) = [( >

Vzr ()20 |\3D° " 2p* T2D5 "ape D2

k- :( )(_ )lk_j ocgk(]:ij__z)z!)!<zp (B)k—j—2+1/2 (1;_2) \2p (B)k—j—z—l/z
= z=1

R§ , k-1 B k+1-j _ 0 k—j—z+3/
) B Y i [ T i 1

=0

~j-z+1/ RO 2
D ) ()2 ()

k—j—z+ [}
=0
k 1 k+2—-i—j .
S () S e (T
. j s o (k+2—i-2) 6 k=j~2z+5/,
j= z=
R k—j—Z+3/2 M 3 ik+2—i i k4i—2
() o) 5RO B e (T
i=0 j=0
k+3—-i—j (k+2—i—j)! R k—j—z+7/, (1;_2) R k—j—z+5/2
2D |\ — K 2R |-
> et a( kL Fean ()

(5—2’)>

k—j-z+5/,

ocT+DR kol _
+espv(ﬁ )r(k) Z( T)< )

K

303 T 2p% T 2ps T aps D2 9 k—j+1/,

R® o2R? o*R o RPT\_(R\*/*/2
( (%) 5 3

)52 - 2m)
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k

2(‘” (f) (g)k_ﬁg/z Kij+3,

j=0

k—i+1

— i+ 1\ (R\KTH 2 RO
30 S e (N )

6 esp R 1« T & k-1 T ok—1— ) Ry k=i=z+1/;
L0 : 2 ( >(_ )l g . J) 91 (_)
4D [(k)20V2m soc? (k=) —2)! 6

j=
RO RO
Kk—j—z+1/2 ("_2) + 2R Kk—j—z+1/2 (?)] (27)

From equation (2), substituting L+T for L

N|U

2 (-

i=

0.4- ZR RZ
G;RL+T)=||—=+=—=+-=-TR
(R, L+T) [(403 2D% T 2D )

F(R—D(L+T)> ,/(L+T[ ( T) L] (R—D(L+T)>
— ——a
2L+ 1) N+

4

o 2DRY (R+D(L+T) 2
“a5 > (7) (m) @

Multiplying by H(L) we have

2
o* o0?R R? D .
H(L)G,(RL+T)=||—+—+——RT | L1 - E()Lk+1—l
(LG D l<4D3+2D2+2D ) )

i=

F<R D(L+T)> —(L+T) (—0—3+ﬂ—aT>L"1+aLk <R_D(L+T)>
Jo2(L +T) b D g Jo2(L+T)

B 4(;43 ock esl?((k—)oc L) <2DR) (R -(I;ZDLL)

g2

[0¢]

Hence G,,(R,T) = J H(L)G,(R,L + T)dl applying equation 14
0
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DR

ok esp(«T+Z3)[( g* o2R R k-1
— o _ _T\i
Gy (RT) = 20 [(k)V2m [Qﬂ?+uﬂ+2D 7W>25(T)(j )

j=0

(k—1—)) (20 (M)k-f—zﬂ/z p

(), 2p (R
— oz (k= ] — 2)! 6 k=j=z+1/,

0

k-1 k-1-j

B0 . — !
) ()Y e (2 6)

k—j-z+5/, (ﬁ)

D e I

z=1

)l X ok esp (—oc L+ g—f)_ Kaa oR >

k—j-z—i-3/, (RB)
— +—+ —0T
22w (k) ’

aZ
k—j-z-i-3/,

+28 ()
0 D2 D

k-1

_ -+ re) & kej-z4?) R
T G [ I e (4 R

j=0 ]:0

B ot ¥ esp (OC T+ lz_—};) kz_f(—T)j (k — 1> k—j (k—1-))!
4D3 (k)20 V21 [ «? (k—j—2z)!

z=1

k=j-2+1/, (¢

: ) (B ()
(oo® ", o @® B e

Substituting into equation (5) equation (14), (17), (20), (24), (27) we obtain
Dk DT
Gyo(R+Y,T) = heT (R +y -2 7) + b (Gie(R+Y,T) — Giz(R+Y)) + b,

(G17;(R+Y,T) —G17(R+Y))+ b3(G1g(R+Y,T) — G15(R +7Y))

The inventory cost for model (M,R,T is obtained by replacing Gi14 (R+Y,T) by G19(R+Y,T) in

equation (1)
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Hence

R = % + (5 + ¥, fO"'R Gio(R+Y,T)gn(M — R —Y,DT)dY + G,o(M, T))
(31)
M —R—-DL n—R Y — DT
T[F(—)+ il n"—lM—R—Y,DTF( )dy]
=5 Toeily ngn( ) =
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