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Abstract:

relations.
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1. Introduction

An Intuitionistic fuzzy set was proposed by K. T. Atanassov
[2], as an extension of fuzzy set introduced by L. A. Zadeh.
Intuitionistic fuzzy sets are characterized by two functions
expressing the degree of membership and the degree of non -
membership respectively. K. T. Atanassov and G. Gargov [3]
further introduced the concept of Interval Valued Intuitionistic
Fuzzy Sets.

The present authors [4] further introduced the new extension of
IVIFS namely Interval Valued Intuitionistic Fuzzy Sets of
Second Type and established some of their properties.  The
rest of the paper is designed as follows: In Section 2, we give
some basic definitions. In Section 3, we define some operators
on IVIFSST and establish some of their relations. This paper is
concluded in section 4.

2. Preliminaries
In this section, we give some basic definitions.
Definition 2.1[2] Let X be a non - empty set. An intuitionistic
fuzzy set (IFS) A in X is defined as an object of the following
form.

A= {<x, pa(x), va(x) > | x €X}
Where the functions p,:X — [0,1] and v4: X — [0,1] denote
the degree of membership and the degree of non-membership
of the element x € X, respectively, and for every x € X.

0<pa(x) +valx) <1
Definition 2.2[2] Let a set X be fixed. An intuitionistic fuzzy
set of second type (IFSST) A in X is defined as an object of the
following form.
A= {<x,pa(x),va(x) > | x €X}
Where the functions p,:X — [0,1] and v4: X — [0,1] denote
the degree of membership and the degree of non-membership
of the element x € X, respectively, and for every x € X.
0 < mp2(x) +vp2(x) 1

Definition 2.3[2] Let X be an universal set with cardinality n.
Let [0, 1] be the set of all closed subintervals of the interval [0,
1] and elements of this set are denoted by uppercase letters.
If M € [0, 1] then it can be represented as M = [Mp, May],

where M; and My are the lower and upper limits of M. For
M € [0,1], M =1 — M represents the interval [1- My, 1 —
My ] and Wy, = My - My, is the width of M.

An interval-valued fuzzy set (IVFS) A in X is given by
A = {< x,Mu(x) > |x € X}
where My: X — [0,1], M, (X) denote the degree of membership
of the element x to the set A.
Definition 2.4[3] An interval-valued intuitionistic fuzzy set
(IVIFS) A'in X is given by
A = {< x,Ma(x),Na(x) >|x € X}
where Mp: X — [0,1],Na: X — [0,1]. The intervals Mj(x)
and N, (x) denote the degree of membership and the degree of
non-membership of the element x to the set A, where
Ma(x) = [MaL(x), May(x)] and Na(x) = [Nap(x), Nau(x)]
with the condition that
Mpy(x) + Npy(x) < 1 forall x € X.
Definition 2.5[4] An Interval-Valued Intuitionistic Fuzzy Sets
of Second Type (IVIFSST) A in X is given by
A = {<x,Mp(x),Na(x) > | x € X}
where Mp: X — [0,1],Np: X — [0,1].The intervals M, (x)
and N4 (x) denote the degree of membership and the degree of
non-membership of the element x to the set A, where
Ma(x) = [MaL(x), May(x)] and Na(x) = [Nap(x), Nay(x)]
with the condition that
M?,y(x) + N2py(x) < 1forallx € X.

Definition 2.6[4] Let A = {< x,M(x),Na(x) > | x € X}
and B = {< x,Mg(x),Ng(x) > | x € X} be two IVIFSSTs of
X, then
). AcB iff Myy(x) < Mpy(x) & My, (x) < Mp, (x) &

Nay (%) = Npy (x) & Ny (x) = Np(x)

ii)) A=BiffAcB & BcA
iii). A ={<x [Na(x), Nag(®)], [Ma,(x), May(x)] > | x € X}
iv),. AUB=

{< X, [maX(MAL(x), MBL(X)),maX(MAU(x)' MBU(x))];
[min(Npp, (x), Np(x)), min(Ny(x), Ngy(x))] > |x € X}
ANB=
{< X, [min(MAL(x), MBL(x)),min(MAU(x)! MBU(X))];

[maX(NAL(x)' NBL(x))'maX(NAU(x)‘ NBU(X))] >|x€X}

V).

3. Some operators on IVIFSST

In this section, we define some new operators on IVIFSST and
establish some of their relations.

Definition 3.1 Let A = {< x,Mp(x),Na(x) > | x € X}

and B = {< x,Mg(x),Ng(x) > | x € X} be two IVIFSSTs of

X, then
). A+B={<x,[M?*,(x)+M?*p,(x) = M?,,(x)M?5,(x),
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M? () + M? gy (x) — MZAU(x)MZBU(x)]p
[N? 4, (N2 5, (x), N? 4y (XN 2y ()] x € X3
ii). A.B={<x,[M?, (x)M?p;(x), M? 1 (x)M? ()],
[N24,(x) + N2, (x) = N4, (X)N? 5, (),
N?4y(x) + N2y (x) = N2,y (N2 5y (0)]] x € X3
A$ B = (< x, [\ My, CIMp, (), /My ) Mgy () |,

[VNaLCONgL ), Ny GNgy ()| > | x € X}

ii).

iv). A#B
- (< [ 2M, (x)Mp,, (x) 2M,y (X)Mpy (x)
=t<x M2, (x) + M2, (x)" M2 45 () + M?5y(x) |
[ 2N, (x)Np, (x) 2N,y (x)Npy ()
N24,(x) + N2g,(x)" N2y (x) + N2y (x)
V). A@B

>|x€eX}

MZAL(x) + MZBL(x) MZAU(x) + MZBU(x)

2 ’ 2 ’
N2, (x) + N?g,(x) N4y (x) + N?py ()
2 ’ 2

={<x,

>|x€eX}

Proposition: 3.1 Let X be a non-empty set. For every IVIFSST
Aand B in X, we have

(A#B)$ (A#B)=(A#B).
Proof:
Let A ={<X, [MaL(X), Mau(X)], [NaL(X), Nau(X)] > | x € X}
ar;]d B ={<X, [MgL(X), Meu(X)], [NeL(X), Neu(X)] > | x € X}
Then,

A#B={<x, ’
¢ M2, (x) + M2, (x) " M? 4 (x) + M2y (x)

2Ny (x)Np, (x) 2N,y (x)Npy (x)
[NZAL () + N2, (x) ' N2,5(x) + N2y (x)

2M,;, (x) Mg, (x) 2My (x)Mpy (x) ]

>|x € X}

Now
(A#B)$(A#B) =
2M; (x)Mp,(x) 2My (x)Mpy (x)
t<x [MZAL(X) + M2, (x)" M?,y(x) + M2y (x) [
[ 2Ny, (x)Ng,, (x) 2Ny (x)Ngy (x)
N2, (x) + N2g (x) N2y (x) + N2y (x)
(< x [ 2My;, (x)Mp, (x) 2My (x) Mgy (x)
T[M2 4 () + M2, (x) " M2y (x) + M2y (x) [
2Ny, (x)Np;, (x) 2N,y (x)Npy (x)
[NZAL (x) + N2, (x) N2y (x) + N?gy (x)

( 2Myp ()M (x) )2 ( 2My (x)Mp (x) )2
M2, (x) + M2g,(x) ) "\ M2, (x) + M25,(x)) |
2Myp ()M (x)

20 M OMe ()
I\/<M2AL(x) + MZBL(X)) ,\/(MZAL(x) + MZBL(X)> >|xek)

_ 2M, (x)Mp, (x) 2My (x)Mpy (x)

= t<x [MZAL(x) + M2 () M2, (x) + M2, (x) [
[ 2Ny, (x)Np,(x) 2Ny (x)Ngy (x)
NZ,,(x) + N2p,(x) " N2,y (x) + N2y (x)

=A#B

Therefore, (A# B) $ (A# B) = (A # B).

>|x €X}$

>|x € X}

={<x,

>|x € X}

Proposition: 3.2 Let X be a non-empty set. For every IVIFSST
Aand B in X, we have
(A+B)$(A+B)=(A+B).

A+B={<x]| M? 4 (x) + M?p; (x) — M? 4, (x)M? g, (%),
M? 4 (x) + M? gy (x) — M? 5 (X)M? gy ()],
[N2 4, (x)N? g, (x), N? 4y (x)N? gy ()] x € X}
Now
(A+B)$(4+B)
= {< X, [ M?4,(x) + M?p, (x) — M2, (X)M? g (x),
M? 45 (x) + M? 5y (x) = M? 1 (X)M? gy ()],
[N?4, (X)N? 5, (%), N? 4y (X)N? 5y (]| x € X3$
{< o, [ M?4,(x) + Mg, (x) — M? 4, (x)M? g (),
M? 4 (x) + M? gy (x) = M? 4 (X)M? gy ()],
[N?4, (X)N? g, (%), N2 4y (X)N? gy ()] x € X}

\/(MZAL(X) + M?p,(x) — M2, (x)M?p, (x))Z‘

={< x,

\/(MZAU(x) + M?gy(x) — M2,y (X)MZBU(X))Z J.

[\/(NZAL(x)NZBL(x))Zl\/(NZAU(X)NZBU(X))Z] >|x €X}
={<x, [M?4,(x) + M?p,(x) — M2, (x)M? 5, (%),

M? 4 (x) + M? 5y (x) — M? 5 (X)M? gy ()],

[N24, (X)N? 5, (%), N2 4y (X)N? 5y (]| x € X}

=(A+B)
Therefore, (A + B)$(A +B) = (A+ B)

Proposition: 3.3 Let X be a non-empty set. For every IVIFSST
A and B in X, we have the following
(A.B)$(A.B)=(A.B)
Proof:
Let A ={<X, [MaL(x), Mau(X)], [NaL(X), Nau(X)] > | x € X}
and B = {< x, [MgL(X), Mgu(X)], [NeL(X), Ngu(x)] > [ x € X}
Then,
A.B = {< x,[M? 4, (x)M? 5, (x), M? 5 (X)M? 5y ()],
[NZAL(x) + N2, (x) = N4, (X)N? g, (%),
N?45(x) + N2y (x) = N2 4y (0)N? 5 (0)]| x € X}
Now
(A.B)$(A.B) = {<x, [M? 4, (x)M? g, (x), MZAU(x)MZBU(x)];
[NZAL(x) + N2, (x) = N2, (x)N? 5, (%),
N?4y(x) + N?gy (x) = N2y (XN ? 5y (0)]] x € X}$
{< x, [M? 4, () M? 5, (), M? 1y (X)M? gy ()],
[N?4,(x) + N2 (x) = N2, (x)N?p, (%),
N? 4y () + N?gy(x) = N? 1y (X)N? 5y (2)]] x € X}

\/(MZAL (x)MZBL(x))Zr \/(MZAU (x)M?py (x))z ] )

={<x,

[\/(NZAL (x) + N2p,(x) — N2, (x)N?p, (x))z,

VN7 GO + N2y () = N2y N2y ()] > | x € X}

= {< %, [M? 4, (X)M? g1, (x), M? 4y (X)M? gy ()],
[NZAL(x) + NZBL x) — NZAL (X)NZBL (x),
N?4y(x) + N?py (x) = N?4 (0)N? 5y (0)]| x € X}

=A.B
Therefore, (A.B)$ (A .B)=A.B.

Proposition: 3.4 Let X be a non-empty set. For every IVIFSST
A and B in X, we have
(A@B)$S(A@B)=(A@B)
Proof:
Let A= {<X, [MaL(X), Mau(X)], [NaL(X), Nau(¥)] > | x € X}
'_?\rr]‘d B = {< X, [MgL(X), Mgu(X)], [NeL(X), Nau(X)] > | x € X}
en,

Proof: A@B = {<x [MZAL(x) + M?p;,(x) M?4y(x) + MZBU(x)]
Let A = {< X, [Ma(X). Mau(®)]. [NaL(X). Nau(¥)] > | x € X} ’ 2 ' 2 ’
and B = {< x, [Ma.(x), Mau(¥)], [Ns(X), Nau(¥)] > x € X} NZa0) + N5 (0) NZay(x) + N?py (%)

Then, 2 ) > >|x€eX}
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Now

(A@B)$(4A @ B)
—{<x [MZAL(x) + M?p,(x) M?4u(x) + MZBU(x)]
, > , > ,
NZAL(x) + NZBL(x) NZAU(x) + NZBU(x)

2 ’ 2

(<x M? (%) + M? 5, (x) M?45(x) + M? 5y (x)

, > , > ,
[NZAL(X) +N%g,(x) N?,y(x) + N?gy(x)

2 ’ 2

x \/(MZAL(X) + MZBL(X))Z \/(MZAU(x) + MZBU(x)>2
! 2 ’ 2 ’

j(zvzmx) + NZBL(x)>2 j(NZAU(x) + NZBU@)Z
2 ! 2

M? (%) + M2, (x) M?45(x) + M2y (x)

>|xeX]}$

>|xeX}

={<

> | x € X}

=i<x 2 ’ 2
N2, (x) + N?5, (x) N%,,(x)+ N?%;,(x
ar(x) B1( ), au (%) pu(x) S lxex)
2 2
=A@B

Therefore, (A @ B)$(A@ B) = A @ B.

Proposition: 3.5 Let X be non-empty set. For every IVIFSST
A and B in X, we have
(A#B)$(A@B)=(A$B)

Proof:
Let A ={<X, [MaL(X), Mau(X)], [NaL(X), Nau(X)] > | x € X}
and B = {< X, [MgL(x), Mgu(X)], [NeL(X), Neu(x)] > | x € X}
Then,

2M;, (x)Mp (x) 2Myy (x)Mpy (x)
M2, (x) + M2 (x)" M? 45 (x) + M2, (x) |
[ 2Ny (x)Npy, (x) 2Ny (x)Npy (x)

A#B= {<x,

, >|lxeX
N2, (x) + N2 (x) 'N24y(x) + N2py(x) | J

And,

A@B = {<x, [M () —IZ— M BL(X)’M av(x) ‘;M BU(x)]’
[NZAL(X) +N?g,(x) N?,y(x) + N?py(x)

) > EX
3 3 |xeXx}

Now,
(A#B)$ (A@B) =
[ 2M,;, (x)Mp;, (x) 2M,y (X)) Mpy (x) |
(M2, (x) + M2, (x)" M2 45 (x) + M2, (x) [
2Ny, (x)Np;, (x) 2N,y (x)Npy (x)
[NZAL (x) + N2 (x) 'N2y(x) + N?gy (x)
[M? 4, (x) + M?p, (x) M?,y(x) + M? gy (%))
2 ’ 2 ’
[NZAL(x) +N?g,(x) N?,y(x) + N?py(x)

={< x,

>|xeX}$

{<x,

eEX

2My;, (x)Mp, (x) (M?,4,(x) + M?p;,(x))
M2, (x) + M?g,(x)) 2 '

J 2Myy () Mgy (x) (MZAU(x>+M23U(x))‘

={<x

M2 ,,(x) + M2py(x)) 2

2Ny (x)Ngy () (N24,(x) + N2, (x))
(N2, (x) + N2 (%)) 2 '

(NZy(x) + N2y (x)) 2 >|x€X}

= {< 2, [VMaL CIMp, (), My COMpy (),
[VNaL GOz GO, N GONg (O] > | x € X)

J 2N,y (ONgy(x) (N2, () + N2y ()

=AS$B
Hence, (A#B)$ (A @ B)=A$B.

Proposition: 3.6 Let X be non-empty set. For every IVIFSST
Aand B in X, we have
(AUB)#(ANB)=(A#B)
Proof:
Let A ={<X, [MaL(X), Mau(X)], [NaL(X), Nau(X)] > [ x € X}
and B = {< x, [MgL(X), Mgu(X)], [NeL(X), Ngu(X)] > | x € X}
Then,
AUB =
{< X, [maX(MAL(x)x MBL(x)) ) maX(MAU(x): MBU(x))],
[min(Npg,(x), Npi,(x)), min(Nay(x), Ngy(x))] > | x € X}
ANB =
{< x, [min(Map(x), Mgy, (x)), min(May(x), Mgy (x))],
[maX(NAL(x)x NBL(x))xmaX(NAU(x): NBU(x))] > | x €X}
Now,
(AUB)#(ANB) =
{< X, [maX(MAL(x)x MBL(x)) :maX(MAU(x): MBU(x))],
[min(Ng,(x), Ngi.(x)), min(Nay(x), Ngy(x))] > | x € X} #
{< %, [min(Mpap,(x), Mgy, (x)), min(May(x), Mgy (x))],
[max(Nap, (x), Npi(x)), max(Nay(x), Npy(x))] > | x € X}
2max(Map,(x), Mgy, (x)) min(May, (x), Mpy,(x))
(max(Map (x), MBL(X)))Z + (min(Mjay, (x), MBL(x)))Z’
2max(May (x), Mpy(x)) min(May(x), Mpy(x))
(max(May (), MBU(X)))Z + (min(May (%), MBU(x)))Z '
2max(Nap, (x), Npp, (x)) min(Nap, (x), Npy, (%))
(max(Nap, (x), NBL(X)))Z + (min(Nap (), NBL(x)))Z’
2max(Nay(x), Ngy(x)) min(Nay(x), Ngy (x))
(max(Nay(x), NBU(X)))Z + (min(Nay (%), NBU(x)))Z
—(<x 2My;, (x)Mp, (x) 2Myy (x)Mpy (x)
T[M24,(x) + M2g, (x) " M2,y (x) + M2 gy (x)
[ 2Ny, (x) Ny (x) 2N,y (x)Ngy (x)
N2, (x) + N2g (x) ' N2,45(x) + N2y (x)
=A#B
Therefore, AUB)# (AN B)=A#B.

={<x,

> | x €X}

> |x € X}

4. Conclusion

We have introduced some new operators on Interval Valued
Intuitionistic Fuzzy Sets of Second Type (IVIFSST) and
established some of their relations. It is still open to define
some more operators on IVIFSST.
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